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We consider the system of differential equations

%’t’_= [C+ eB (6, ¢)] = (0.1)

where C is a constant matrix,

eB (1, €) = ¢B, (1) + €?B, ®+...
Bj () €L (0,27), BJ. (T + 2n) = BJ- (t)
almost everywhere,
2r
} 1B, () l1dr<B;
0

and serles ¢f3, + GZBZ + ... converges for [ed| < €.

Systems of a similar form, as well as systems with almost periodic
coefficients, have been treated in papers by Chetaev [1 ], Shtokalo[ 2],
Erugin [3 ], Malkin [4 ], Shimanov [5], Cesari [6], Hale [7 ], Gambill
[8], and others. These authors obtained various results,

In this paper we investigate canonical systems of form (0.1); this
case has several specific singularities. In this connection, we will be
particularly interested in the so-called case of "resonance"” which occurs
when the eigenvalues of matrix C are congruent (mod i®). A whole class
of problems of the theory of the dynamic stability of elastic systems
[9] is reducible to systems of this type.

As an example, in Section 4 we consider the problem of constructing
the region of dynamic instability of "combined" resonance for one equa-
tion occurring in the applications.

A major part of the paper, however, is valid for general systems (0.1),
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18 V.A. Iakubovich

not necessarily canonical systems; the approximate integration of system
(0.1) is given by formulas (3.17); these formulas have apparently not
been noticed previously. They are also valid in the general case.

In the case of the asymptotic stability of general systems the method
of Liapunov functions gives an estimate of the value of the small para-
meter for which there is stability (for example, see [4b ], pp. 348-355).
In the case of canonical systems, asymptotic stability is impossible and
the method of Liapunov functions is inapplicable. The problem of estimat-
ing the values of the small parameter which give stability (or instabil-
ity) for canonical systems seems to be considerably more difficult. It
was solved by altogether different methods in papers [10-14p ] (see also
the survey [13a ] ). We shall not concern ourselves with this problem
here.

To treat canonical systems it is necessary to overcome the following
difficulty, The characteristic exponents of (0.1) in the case of stabil-
ity must be pure imaginary. Expanding them in powers of ei/p, we calculate
the coefficients of this expansion. In the final stage of the computation
we obtain pure imaginary values as approximate values of the character-
istic exponents. It can be proved that the terms which follow and are not
calculated could displace these values either to the right or to the left
half-plane, and that consequently it is impossible to make any inferences
concerning the stability of the system at the end of the calculations.

Theorem 3.1 indicates the cases in which this difficulty can be over-
come.

There is in general no theoretical difficulty in obtaining the approxi-
mations indicated above., However, as often happens in the applications
there is a great difference between the theoretical and practical possi-
bilities of carrying out the calculations.

Formula (3.17) makes it possible to "integrate" (this term is ex-
plained below) system (0.1) without great difficulty up to and including
quantities of the order of €e? (see the example in Section 4)., This
approximation is often completely satisfactory in practice.

Subsequently we will use the following notation and terminology. The
form

1 _ 0 I,

defines a nondegenerate indefinite scalar product of zero signature in
the (n - 2 k)-dimensional complex space. (Ik is the identity matrix of
order k.)
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Let W be a matrix (in general, complex). Then

Wz, y) =<z, WHy), where W* =J"1WJ

The matrix W is said to be J-hermitean if W' = W; J-skewhermitean, if
¥'=— W and J-unitary, if WYW= I,

Every J-hermitean matrix W is of the form W = JH, where H* = — H;
every J-skewhermitean matrix is of the form W = JH, where H = H*; the
condition that W be J-unitary may be rewritten in the form W*JW = J; the
J-unitary matrices form a group.

In the case of canonical systems the matrix of the coefficients C +
€eB(0t, ¢) is a real J-skewhermitean matrix (the parameters ¢ and U are
real). Complex J-skewhermitean matrices might also be considered.

The matrix of the fundamental system of solutions X(t), X(0) = In. is
J-unitary [15 1* in the case of canonical systems (the parameters € and ¢
are fixed).

According to the Liapunov-Poincare theorem, the characteristic equation

det [x ";_")_ 1] =0 0.2)

of system (0.1) is recurrent. Its roots pj(o. €) are functions of 0 and €.

1. Auxiliary information regarding functions of matrices.
Let G be the union of a finite number of connected and simply connected
regions in the complex plane and suppose that f(z) is single-valued and
analytic in the interior of G.

Suppose that A is a matrix whose spectrum is in G. The matrix f(A) can
be defined as

A =3 CL—ar @& (1.1)
h TN

T

where the I'; are non-intersecting circumferences (or other closed curves)
contained entirely in G and with the property that each point of the

* We give a simple proof of this. If JH(t) is the matrix of the coeffi-
cients of the canonical system, we have

Hence dX /di>=TH () X

% (X'1X)=0, X'IX),=X"IX),=1J, mm X*X=1I
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spectrum of A is contained in the interior of precisely one circumference
r
h.

This definition implies that f(S"1AS) = S71f(A)S and if A is decom-
posed into blocks A= A + A,, then f(A) = f(Al) + f(A,). Hence the cal-
culation of f(A) is reduced to the case when A is a Jordan block. In that
case, the expression obtained from (1.1) coincides with the usual express-

ion ([151], p. 132).

Therefore, the definition of f(A) by the Cauchy formula (1.1) is
identical with the other possible definitions, those of Smirnov ( [16 ],
pp. 315-338) and Gantmakher ( [15], pp. 83-94).

Lemma 1.1. Let ¢(z) be single-valued and analytic in the region G
(vhich is, in general, not comnected), with qS(G) = G,, and suppose that
Y(w) is single-valued and analytic in the region G,. Let'. f(z) = ylo (2)];
f(z) is single-valued and analytic in G. Suppose that the spectrum of
matrix A is contained in G [ and therefore the spectrum of B = ¢(A) is
contained in G,]. Then f(A) = »(B), that is, the two consecutive calcula-
tions B = ¢(A) and ¥(B) = /[ (A)] yield the same result as the single
calculation f(A) = ¢ (A)].

Proof. Matrix A and function ¢(z) are known [ 15, 16 ] to give rise to
a polynomial ®(z) = X a_z" such that ¢(A) = X a A®. It suffices to de-
fine ® (z) by the condition

O M) =00), O M)=¢ ) ..., D"V (n;) = gtnD(\y)

where the A . are the eigenvalues, and n the order, of A; it would be
enough to use instead of n the maximum dimension of the canonical block
corresponding to eigenvalue )\j. The analogous polynomial ¥(w) is

W () =i (), -0 T () = 0 ()
where ki = ¢>()\j) are the eigenvalues of matrix B.

We will show that the polynomial F(z) = ¥ [® (z) ] can be used to
calculate f(A), i.e. F(A) = f(A). We have
F) =Y O] =T () =9@)=/MN)
F'(0) =T () @' (M) = ¢ (m3) " () = 1 (\))

FO0 0g) = /" (4

Hence F(z) and f(z) coincide ( [15]1, p. 84) on the spectrum of A,
i.e. F(A) = f(A).

Let C, be the result of calculating Ylp(A) ] in two steps, C, the
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result of the single-step calculation. Then
B=¢(A)=®(4), GCi=¢B)=¢B)=Y[D(A)]=F(A)
On the other hand, C, = f(A) = F(A), i.e. C = C,, as was to be proved.

Lemma 1.2. Suppose that the matrix

Y()=Y,+eY,+...

is analytic in ¢ at € = 0, that Y0 = exp Ao, and that matrix Ao has no
distinct eigenvalues congruent (mod 2 71 ):

a,j—ah#:Z'trmi (m=:t1,j:2,...) (1.2)
Then the function in Y can be defined in a neighborhood of Y, so that
(1) In Y(e) is analytic ine at ¢ = 0;

(2) In Y(O) = 1n eA 0= TO’

Proof. let p, = e®h be the eigenvalues of matrix Y;. Define 1n Y by

InY = 3%2 | 1=y (0 0)m, & (1.3)
n Ty

Here the I, are circumferences with centers p;, and radii small enough
for the corresponding circles not to intersect and not to contain the
point { = 0, and

(InQ)m, = In|C| 4 i(arg{ + 2rg,)

is a single-valued branch of ln {. The numbers m, are chosen to satisfy
the condition

(In pp)m), = on (1.4)

This choice is possible only if there is a one-to-one correspondence
between the p, and the a,. This is so here because of (1.2).

The definition of In Y given above is the same as that which would
result from (1.1) for the function

¢(w) = (InW)m,, if w € (T'p)
where (Fh) is the circle whose circumference is T,
Let f(z) = ¢ (e?) in a neighborhood of the spectrum of matrix A,.

It follows from (1.4) that f(z) = z. By Lemma 1.1, the two-step cal-
culation Y, = ¢"0, In Y, = ¢/ (Y;) yields the same result as the one-step
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calculation 1n Y, = ¢ ( o) - f(A)=A

The fact that Iln Y(¢) is analytic in ¢ is a direct consequence of
(1.3). This proves Lemma 1.2.

The following remark may have some interest. There is a matrix A,
[ for which (1.2) is not satisfied ] such that

(1) if Y is any matrix sufficiently near Y, = eAO, there exists a
matrix A= In Y such that ¢ = Y;

(2) it is impossible to define In Y in a neighborhood of Y, so that
In Y, = In eA = Tj.and so that ln Y is continuous at Y,.

It is very easy to construct examples to show this*, For instance, let

Ay=2 2ﬂ(_23) then
N O

It is known [ 15, 16 1 that the logarithm of an arbitrary matrix suffi-
ciently near I, can be defined. Let

Qw = o) o<e<y

All the values of In Q(p ) are given by [16.]

— (d 4 2p =i 0 = 1 o
an(p.)_((n“)OO pmi —(lnp.)o-{—qu') (Pg=0+1,42,..)

Matrix, Q(p ) is arbitrarily near Y, = I, is p 1is sufficiently near 1,
but matrix ln Q (g ) cannot be arbltrarlly close to matrix Aj= In Y.

We now suppose that matrix A ,is J-skewhermitean. Then, in addition to
eigenvalues a,, matrix A, will have eigenvalues ( - a,); and in addition
to eigenvalues p, = %k, matrix Y0 will have eigenvalues p,”" = e %k,

By (1.4), eigenvalues p, and p;~ 1 will correspond one-to-one to numbers

mh.

* 1In general, the matrices YO with multiple eigenvalues for multiple-
valued functions play the role of essential singularities: if Y -» YO'
the set of limiting values of f(Y) has the power of the continuum
([16 1, pp. 332-337). In general, this set consists of a series of
"surfaces" and a single isolated point. We eliminate the singularity
by assigning to Y, when it is sufficiently near Y,, a value f(Y) from
a neighborhood of this point. This value of f(Y) is said to be regular,
These assertions are needed, of course, in more rigorous formulations
([16 1, pp. 332-337).
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Lemma 1.3. Let us suppose that Y and Y, are J-unitary matrices and
that eigenvalues p, and ph"1 of Y, correspond one-to-one with numbers m
of (1.3). Then matrix ln Y defined by (1.3) is J-skewhermitean: (In Y)*=
- 1nY.

Proof. We have
Yy = — 5= 3 | (@ — Y ([, aT

h ThYy

Here I', denotes the contour conjugate to contour I'; (the reflection of
contour I'; about the real axis). In the last integral we perform an in-
version ¢ = £~ 1, Then

argt=argl, (InQ)m=In|{|—i(argl + 27m) = — (In&)m

If I}, 1is the circumference obtained from I'; by the inversion, we get

+ . 1 _ . (lug)m
(InYy == —go 3 | @ =y —™ g
R

(If ¢ makes the circuit of ', in the positive direction, £ makes the
circuit of IV, in the negative direction). Since

E2EMI—Y) P =T (Y —EI)7Y, 1o
it follows that

(AnY)y" =73 § G4 (Y — 611 (In ), dk
h P;J
The spectrum of Y, is symmetric with respect to the unit circumference;
hence there is precisely one (perhaps multiple) eigenvalue of Y, in the
interior of I'¥, . Moreover, { = 0 is in the exterior of every circumfer-
ence I"h; hence

| £ (lnt)m, de=0

s

Th)
Consequently

Yy = — 23§ €1 =) (ng)m, dt (1.5)

h r;‘)

The right-hand side of (1.5) differs from the right-hand side of (1.3)
in sign and in the order of the terms. But since the center of the
circumference '}, is ph’l, and eigenvalues p, and ph'1 correspond one-to-
one with the numbers m;, by assumption, if we denote by p,, the eigenvalue
symmetric to p, about the unit circumference: p,. = p,”", we see that
the integrals over the contours I, and I',, are equal.
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Hence (In Y)t = - In Y, g.e.d.

2. Reduction of the resonant to the non-resonant case.
Setting 0t =r in (0.1), we obtain the equation
dx 1 N
vd%—:—o—[C—{—eB(r,e)]x (2(1)
We shall prove that on our assumptions the matrix of system (1.1) has

the form
X(t,e)=Xo(t) + Xy (1) + ... (2.2)

where matrices X.(r) are absolutely continuous and, for sufficiently
small ¢ (we consider 6 to be fixed in this case), series (2.2) converges
uniformly inr, 07 < o

We give a brief sketch of the usual proof. Substituting the formal
series (2.2) into (2.1), we obtain the following recurrence relations for
determining the X, (r):

X, _ 1 aX; 1 -
—d—;‘" = cho’ -d—,rj' =% [LX,- + B X+ BJ‘XO)]

Hence X, = exp (r/6 C) and since XJ.(O) =0, j> 1,

Xj = S Xo (‘t — 5) [lej—l 4.+ BiXO]d ds

0

Consequently, all the X]. (r) are absolutely continuous. Let

G=max||X; (1)  (=012..;0<7<2n)
27
1 2n
pj—_—m-S”Bj(‘:)“d‘c G=1,2..., Bo= o7 ICI

0
It is easy to see that ‘fj < UFD where n; is defined by the recurrence
relations

nj = eb By i+ - - - +Bino), Mo = ePt (2.3)
Introducing the functions

ﬁ(e):Zpiej’ ’Y)(E):Zy]jgj

we see that (2.3) is equivalent to

Hence both series n,¢ + 7)262 + 1]363 + ... and (2.2) converge for
0 r <27 and for ali €, |e] < €4 where €, < €, is the least positive
root of the equation
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oxp(— 25 1 CIl) =B - Bis® + .- -

Using a general property of systems with periodic coefficients ( [17 ],
pp. 179-180), we see that

X (4 2m,e)= X (r, &) X (2w, €)
Hence series (2.2) converges uniformly on an arbitrary finite interval
(0, 7)) for |e| < e,. Substitution of (2.2) into the equation

T

X(t,e) =1+ —é«S[C + eB (3, ¢)] X (0,8)ds
0

yields an identity. Consequently, the matrix of system (2.1) has form (2.2).

By A . we denote the eigenvalues of matrix C. In problems of dynamic
stability the most interesting case occurs when one of the relations

N—N, = im6 (m an integer, m# 0) (2.4)
is satisfied.

In this case parametric resonance* is possible and condition (1.2) of
Lemma 2.1, which we had intended to apply, is not satisfied. We therefore
show first how to reduce this case to that when (2.4) does not hold good.

0
By p .( ) = exp [27X./0] denote the roots of equation (0.2) for ¢ = O,

Accordii'lg to (2.4), there will be multiple roots p . 0) - Ph ) fore = 0.
Eigenvalues A . are partitioned into residue classes of eigenvalues (mod

i6). Eigenvaiues A WIREEY A . of a single residue class correspond one-
to-one to the roots of the chafacteristic equation for ¢ = 0:
2T A 2n 7\:,'
0 — =13 = [ L4
P exp[ 5 ] ... =exp|—p ]

Let a, = (6/27)In p(°), where the value of the logarithm is arbi-
traty. In other words, a, is an arbitrary number congruent (mod i @) with
the numbers of the given class. We have

Aj, = do + im0 (m, —an integer) (2.5)

We define matrix C, on the null subspacex L j corresponding to eigen-
value A js by g

For this to happen, the eigenvalues A, must, in addition, be pure
imaginary. Here we do not make this assumption.

*8

We recall that the null subspace L corresponding to the eigenvalue A

is the subspace of vectors f for which there exists an integer m» such
that (C — A I)™f = 0.
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Cof = im,f, JEL;, (2.6)

Then matrix C; is a multiple of the identity matrix on each of the
null subspaces of matrix C; hence

C,C = CC 2.7)
Let us put ’ ’ (
1
Ko =5C—GC, (2.8)
On the invariant subspace Lis matrix K, has the eigenvalue
%)\js — ims s %
Hence eigenvalues A ; . of matrix C belong to a single eigen-

value a0/0 of matrix l% the mu{tlphcu:y of this eigenvalue is equal to
the sum of the multlphcu,les of eigenvalues A, , ..., A; . In (2.1) we
make the change of variable °

x = e*Ce y
and obtain the system

dy = [Ky+¢eD(r,€)]y <D (v e) = e—TC-B (x,€) e‘c-) (2.9)

using relation (2.7).

System (2.9), unlike system (2.1), has the pro§erty that the class of
eigenvalues of matrix K, corresponding to one p consists of coincident
eigenvalues,

It follows from (2.6) that
eCn(T‘*‘zﬂ:): eC'T

on every subspace L]. and hence on the whole space.
s

Therefore D (r, €¢) is periodic in 7, of period 27, and analytic in e
at ¢ = 0 in the same sense that B (r, ¢) is, i.e.

eD(z,e) =¢eD;(x) + 2Dy (x) +. ..,

where

| D; () |1 d= <3 (2.10)

=Ty

and the series ¢5, + 5282 + ... converges for |e| < e,.
Theorem 2.1. For a suitable choice of a; in (2.3):

(a) if system (2.1) is a canonical system (in general, with complex
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coefficients) with

Ct=—¢, B(z, &) = —B(z,e) (2.11)

then system (2.9) is also a canonical system with
Kot = —K,, D(z, &)= —D(x, ¢) (2.12)
(b) if system (2.1) has real coefficients and
8= 4-(2/m) Im), (m=1,3,5...)

then system (2.9) also has real coefficients;

(c) if (2.1) is a canonical system with real coefficients and

eﬁl:i(Z/m)Im)\J (m=1' 3, 51---)

then (2.9) is also a canonical system with real coefficients.

Proof. (a) We will prove that C;* = - C, if C*= - C. According to
(2.6), if f and g are vectors of the same null subspace Lfs' then

<C0f’ g>=1ms<f1 g>=—”_</9 C0g> (213)

We consider two null subspaces L. and L, with eigenvalues A . and
Ap==A.#X.. It is easy to verif{* that eigenvalues A . and A, cannot
belong to the same residue class. If A = e, (mod i6 ), then A, = - a,
(mod i6 ). Let us agree to choose for the number a, of (2.5) the numbers
a, and - a; in the classes{A.} and {A,}. Then eigenvalues A, and A, =
- A will correspond to a single number m_ according to (2.55. This
verifies (2.13) once more.

We now suppose that A, # - )t]. and A, # Aj' The corresponding subspace
is J-orthogonal ( [13 ], Ch. X). Therefore,

<C0f’ g>=07 {fs Co g>=0 for f€L,, gELj

i.e., again

Cof, &) =—<f Gog> (2.14)

Hence (2.14) is satisfied for any two vectors f and g of an arbitrary
null subspace of matrix C and therefore for two arbitrary vectors. Hence

G == G
Then (e€ot)t = eCott_ ¢=Cot j.e. matrix e®o! is J-unitary and
(2.12) follows from (2.8) and (2.9).

(b) It is enough to prove that matrix C, is real for a suitable choice
of a;,. We note first that if

Cof=GCof (2.15)
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is satisfied for an arbitrary vector f, then matrix is real. (Here f
denotes the vector with complex conjugate components.) Indeed, in (2.15)
take f = e, 1i.e. the column vector all of whose components, except the
jth, are equal to zero, and whose jth component is 1. Vector C, e; 1s the
jth column of the matrix C,. By (2.15), we have Coe = Co Coe , i.e.
the components of Coe are real. Consequently, matr1x G ik real.

Since matrix C is real, the null subspaces Ly and L, are complex con-
Jugates for a nonreal eigenvalue A: if fELy, then fEL) and conversely.
If by L we denote the subspace consisting of the vectors conjugate to
those of L, this may be written as Ly = L.

First, suppose that eigenvalues )\ and )\ belong to the same class and
that Im )\ #:0, Then

2Im lj

m

A — A= mi, b=
Because of our assumptions, the number m is even. Since
;= Re\; + Y/, im 6,

Re)\] (mod {8 ). Hence we may take a Re)tj in (2.5). If)\] is in
the given ' class, ‘then A; = q, - img 0 by ?2 5), 1i.e. )‘j also belongs to
this class and its correspondmg rmmber ism =~ m ¢

Suppose that f L, . Then f Ly, = and according to definition (2.6)
of matrix G, we have Is Js

Cof = ims]‘:-j:»imsf=m (2.16)

Hence (2.15) is satisfied for vectors belonging to subspaces of the
type indicated above.

If A, is a real eigenvalue, set a; = A.. The corresponding null space
is real, L, =L, (i.e. L, is invariant’ under the operation of taking
the conplexoconjugate) Sinde the correspondmg number m_ = 0, then
Cof = 0, Cyf = 0 for vectors f La o o’ i.e. (2. 15) is agaln satisfied.

The only case left to consider is when A. and A . belong to different
classes. Then the classes containing A . and A . consist of complex conju-
. . J
gate eigenvalues. If the complex conjugates a, and a, are chosen as the
representatives of the classes, elgenvalues A. and A, correspond to the
numbers m_ and m_ = — m_. Hence (2.16) is satisfied for vectors f L
s

We have shown that (2.15) holds for the f vectors of an arbitrary null
subspace of matrix C. Since the whole space is the direct sum of null
subspaces, (2.15) is satisfied for an arbitrary vector, i.e. G, is a real
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matrix.

(c) We must show that it is possible to choose the numbers a; so that
a) and b) are satisfied simultaneously. For this it is necessary that:

(1) @, and — a;, be chosen as the representatives of classes {/\j} and

(2) the complex conjugates a, and a, be chosen as the representatives
of classes {)\j} and {A}.};é {)\j} ;

(3) if{)\jl=l)\§,then a, = a,.

It is easy to see that if this is done the set of numbers a; will be
symmetric with respect to the real and imaginary axes.

Since C*= - C and C is a real matrix, the spectrum of C is symmetric
relative to the real and imaginary axes. Consequently, classes {A .},
{A.},and {- A.} are identical. It is therefore possible, for classes
with Be A . > 0, to choose numbers a, satisfying (2) and (3). In classes
with Re A". < 0 we choose the numbers a, so that they are symmetric relative
to the 1maginary axis with the numbers ay, Re a; > 0.

Hence the set of numbers a, satisfies (1), (2), and (3).

Note. It is easy to see from the proof of (b) that C0 is a real matrix
if 0= nt Inm A, m=3%1,+3, +5, ... . Hence (2.9) will be a system
with real coefficients if in the corresponding classes the numbers a, are
chosen as real, and the numbers m_as multiples of % . But then matrix
D(r, €¢) will have a period of 47, If 7 is replaced by an: T = 2”1, the
resulting system will have period 27 and will be of the same form.

The following theorem is a more precise version for our case of the
theorem of Liapunov-Floquet on the reduction of a system with periodic
coefficients.

Theorem 2.2. Let us assume that a system (2.9) is given, with matrix
D(r, ¢) analytic ine¢ at ¢ = 0 in the sense indicated above and with
periodic coefficients of period 2n. We further assume that matrix K,
does not have distinct eigenvalues congruent (mod i).

We represent matrix Y(r, ¢) of system (2.9) in the form (2.17)

where Y (r,8) = P(r, e)eXK @)= (2.17)

P(r,e)=1+4¢eP;(x) + 2Py (x) + ... (2.18)
KE)=K,+ecK; 2K, -+ ... (2.19)
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are analytic ine at e = 0, P.(r ) is an absolutely continuous periodic
matrix, with period 2w, and series (2.1%) is dominated by a series with
constant coefficients. If (2.9) is a canonical system:

K, = —K,, D(r,e)" = — D(r,g),
Pz, &) P(r, ) =1, KE) = —K(g) (£2.20)

then

The proof is a repetition, using the lemmas of Section 1, of the usual
proof of the Liapunov reduction theorem [3a, 17]. It is easy to verify
that matrix Y(¢) = Y(2r, ¢) satisfies the hypotheses of Lemma 1.2; here
Ay= 27K . Hence we may define K(e¢) = (27 )71 In Y(27, ¢) so that K(e)
will be analytic in ¢ at ¢ = 0 and K(0) = K,. Then matrix

P(r,e) =Y (r,e)eK )= (2.21)

will be analytic in ¢ at € = 0, with coefficients P (r) which are abso-
lutely continuous functions of r., It is easily verii‘ied that P(r + 27 ,¢)=
P(r, ¢), i.e. P.(r + 27 ) = P.{r). Since the series for Y(r, ¢) and

e~ KT fop Oé r < 2n are éominated Ly a series with constant coeffi-
cients, the same is true for series (2.18).

If (2.9) is a canonical system, Y(r, ¢) is J-unitary. It follows from
Lema 1.3, with Y= Y(2n,¢), Y, = Y(2#, 0), that K(e)*= ~ K(e). Since
(2.21) implies that P(r, ¢ )TP(r, ¢) = I, the theorem follows.

3. Computation of the coefficients of the expansions (2.18)
and (2.19). On differentiating (2.17) with respect to r, we see that
P(r, €) satisfies equation

P
==

Substituting series (2.18), (2.19), and (2.20) into (3.1), we obtain

[Kqy +eD(x, )] P— PK, (3.1)

dpP
d'r.‘n == KOPﬂ - PnKo + (Dlpn—l "I‘ . + Dn—l Pl) - (Pn—l Kl + e +
+ PlKn—l ) - Kn (32)
Regarding matrices P0 =1, Pl, ey Pn—i' Ki’ cees Kn_1 as known, we
have equations of the form
%gz KoZ —ZK, + F(x) — L (3.3)

for determining P, K

Here Z= P, L= K and ¥ + 27) = F(-) almost everywhere. The solu-
tion Z(r) is a periodic matrix: Z(r + 27 ) = Z(r). Moreover, P (0) = 0
for n > 1; hence
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Z(27) = Z(0) =0 (3.4)

Lemma 3.1. Let us suppose that matrix K; in (3.3) (vhere the unknowns
are Z(r) and the constant matrix L) does not have distinct eigenvalues
congruent (mod i), i.e.

)\j—)\h:#mi, mt::}j_i, j:2,... and F(T)('L(O, 21T)

Then the solution { Z(r ), L}, for an arbitrarily given matrix Z,
Z(27 ) = Z(0), exists and is unique, and

ar
0512?2( [Z (<Y1l Zoll - Y2 S ”F(T)‘L”dT
om

LI < sl Zoll 4 1a | IF (z)}dx
0

(3.3)

The constants Y1» Y25 ¥3, ¥y depend only on matrix K,. Matrix Z; may
always be chosen so that

L= é F(z)dr = Fqp

Then 2

max [Z ()| <1, | IF ()] d= (3.6)

o<t

where y, depends only on K.

Proof. Treating the matrices as vectors in n’-dimensional space, we
write (3.3) in the form

dZ .
E:AZ—}-F(‘C)—-L (3.7)
vhere A is the commutator operator: AZ = K,Z2 - ZK,.

It is known [15] that the numbers A . - A Joh=1, ..., n, are the
n? eigenvalues of operator A. At least n of them (when j = h) are equal
to zero. Denote by [’ the null subspace of operator A, corresponding to
the zero eigenvalues, and let [1” be the direct sum of the null subspaces
corresponding to the nonzero eigenvalues.

Let A’ and A” be the operators induced by A in the invariant subspaces
p Y
II’ and I1” respectively. An arbitrary matrix A can be written as

A:AI+A., A'EH', A”EII”
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Equation (3.7) is split into two equations

dzZ'

& AT AR —L. oAz Py L (3.8)

The condition Z(27 ) = Z(0) is equivalent to the conditions

7' (2) = 7/(0), 2" (2%) = Z" (0) (3.9)

The solution of the second equation of (3.8) is

T

7' (x) = et (27 (0) -+ { e~ [F (o) —L"| do] (3.10)

0

Hence the second equality of (3.9) is equivalent to

2r
(2" —1) 27 (0) = S e A oF (5)'do—(A") L (e—Ar —T) L7  (3.11)
0
Recalling the definition of operator A” .we see that the numbers a .
exp [- 2rr()\] = Ay) 1 = 1, for those values of j, h for whlch)\ - Ay ;é 0,
- 1L

are the elgenvalues of operator e~27

Because of the assumption that A. - A, # Tmi,m=1, 2, ..., it
follows that a ., # 0. Therefore, the matrix L”.can be uniquely defined
for an arbitrary matrix Z%.(0), and conversely. In particular, we may
take L”= F . Equations (3.10) and (3.11) yield the estimate

max |27 ()| <1127 0) | + 1" § | F ()" —L]do
o 0 (3.12)

3

JL7 )< "1 27 0) |+ 14" % IF(o)"|ds

where yj”,-depends only on matrix K,. If L”= F"; sp Ve also get
2m

1z O] < 1% § | F (o) || do

The first equation of (3.8) is split into as many equations as there
are blocks in the Jordan canonical form of the matrix of A”. In scalar
notation every such equation will be a system of the form

d d d
E%:(Pl—‘xlf d‘igzcl-i—@2-‘x2:~~'f CZ Cl~—1+°Pl—>¢l (3-13)

From these equations, we can find ¢, (r), » $p(r) if ¢y (0),
¢,(0) are given. For these functions t.o be perlodlc of perlod 217 1t is
necessary for the mean values of the right-hand sides to be zero. Hence
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the solution ¢, (r), ,» £1(r), Ky, «v., &) is uniquely determined for
prescribed ¢, (0) ( (0)

We may take x, = (), «» k= (@), and choose (1(0) so that
the mean value of the r1g t-hand slde of the second equation is zero.
&0, ..., ¢, 1(0) are sum.larly defined, while the value of {;(0) is
left arbltrary Hence Z" can be chosen so that L".= F* ep* We w111 assume
that C 0), ..., ¢ (0) are prescribed. It is then easy to see from (3.13)
that t:he numbers x ; can be estimated by a linear form with positive
coefficients in the quantities

2 o

GO 162 @], VleEide, ..., | ea()]de
0 +]

i.e. that the estimate

2%

L <y 12 0) | 4+ s’ SuF(c)'uda

analogous to the second estimate of (3.12), holds good. The equation and
estimate analogous to (3.10) and the first estimate of (3.12) follow from
the first equation of (3.8). They are obtained by replacing primes with
double primes in the above.

Putting all this together, we get all the assertions of the Lemma,
except for estimate (3.6). For L = Fcp’ the preceding argument yields

T

1 2o | <715 I F(9) || do
o
This, together with (3.5), implies (3.6). This proves the Lemma.
A practical solution { Z(r), L} is conveniently defined as follows. Let

F (z) ~ 2 F(m gime -

m

(The series on the right is, in general, divergent, since F(r) is only
Lebesgue integrable.) According to the above, there exists an absolutely
continuous matrix function Z(r) which is a solution of (3.3). Let

Z(z) = X Ztm gims (3.14)

(The series converges, since Z(r) is absolutely continuous.)

Substituting these series into (3.3), we obtain

(3.15)
imZm = KOZ(m> — Zm K, 4 Fm) (m=+0), K,Z® —ZOK, 4+ FO L =0
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because of the uniqueness of the Fourier expansion of a sumable function.

Matrices Z("‘), m # P, are (uniquely) defined by the first equation of
(3.15). If matrix Z(0) is prescribed, we use it to find

20 = Z(0) — T'm (; — % Z<m>>

and after that matrix L by means of the second equation of (3.15). Here
and subsequently the prime on 3 means that the summation is taken over
all m# 0. If we take Z(0) = 3, then Z{®) = 0 and L= FI®) = F__

Remark. This reasoning is almost enough to prove Theorem 3.1, but we
have here used the existence of solution Z(r) and the convergence of
series (3.14). The convergence of series (3.14) and the absolute con-
tinuity of Z(r) can evidently be deduced from (3.15). (All we know about
the F'™ is that they are the Fourier coefficients of a summable matrix
function.) This way, however, is hardly shorter.

Hence matrices K,, P,(r), K,, P,{r) etc. can be found consecutively
by using (3.2).

The condition P(f, €)= I implies that P.(0) = 0, j =1, 2, ... .
Therefore, Z(0) = = 0 in (3.3), and if we want to use (3.15) we must
first determine matnces Z\® , m# 0 and then matrices Z 0) _ _ E'. and L.

However, it is more convenient to proceed differently. Let Ulr, ¢) be
the matrix of a fundamental system of solutions of (2.9) such that

U@,e)=V(@E)=1+¢eV, +e2V, ..
is analytic in ¢ at e = 0.
Then V(e )~! will also be analytic in a neighborhood of ¢ = 0 and

U(z, g) = Y (t, &) V (g) = P (z, g) exp [KW (g) ]
where

PA (z,e) = P(r, &) V(e), KW () = V(2) 1K (g) V(g)
Matrices P = P(1)(r, ¢) and K = K(1)(¢) satisfy (3.1), with K(1)(0) =
K(0) = K, . Setting
K@ () =Ko+ ¢K,; 4. ..
PM (z, &) = Py (1) + eP1 (t) + Py (7) + . .
we again obtain an equation of the form (3.2) for matrices P, K . Now,

however, P (0) £ 0 in general. Moreover, any finite number of matrlces
Pn(O) V, can be chosen arbitrarily; in general, the convergence of the
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series

P00, e)=V(e)=1+432V, 42V, ...

is sufficient.

It is convenient first to choose V, = P (0) so that

Kn':(Dan—l +-*-+Dn—1P1’”Pn—1K1—---"“'PlKn-l)cp

in (3.2).

According to Lemma 1.3 this can always be done. However, it must be
borne in mind that through this choice of matrices K, we do not obtain
matrix K(¢ ) of (2.17), with Y(0, ¢) = I, but a matrix similar to it.

Finally, in order not to complicate matters, we assume that
B; (<) € L, (0, 2r)
in (0.2).
Then
B; (z), D; (x) €L (0, 2x), D; (t) € Ly (0, 2x)
If
A(x), B()€Ly(0,2r) A(x)~ D) Ameim™, B(z)~ D) Bpems
m m

then -
[A(®)B ()]ep = 2) A—Bm = 2Re 3} AmBnm
m

Mm==0
Here the series converges absolutely. Using this formula and (3.15),

with Z(0) = Z =0, L= F(9) = F_, it is easy to obtain computational
fornulas for calculating matrices Ri’ Kz. K3, Pi' Pz.

In system (2.9) we represent D(r, ¢) by series (2.10) and

oo
Dj (‘L‘) _ 2 Dj(m)eim‘r

PrUzm— Y

By W= K_(G) we denote the solution of equation (3.16)

imW =KW -— WK, + G (3.16)
Then
Kl = [D, ("-')]cp = D®, P, () = 2 K (Dl(m)) eim, Ky= 2 Dg_ﬁm)Km(Dl(m))

me0 m«+0

Fm) — 3 D, YKy (D,®)] — Knm (D™) K; + D™

kdele=mm
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Py (z) -- 2 K, - (Fim) gim=

me+0

Ky = D [DIT™K,, (F™) 4- DS ™K., (D,™)] 4 D,y (3.47)

m+ 0

If D(r, ¢) is a real matrix function, then
Ky = 2Be 2 DKy, (D,™)+ D,©
m==}

K, = 2Re Z [DI(TH)Km (F(m)) - Dz(m)Km (DJ(W))] + DB(O)

m-—-1

It would be easy to write formulas for K and P"(r); we do not do so
because they are very unwieldy. We will call the expression

Y (g, e) = (D ePy(v) 4 ... - e"Pa(n) exp [(Kg+ ... + &"Kp) 1)
the approximate solution of nth order of (2.9).

This approximate solution has obvious advantages for the study of the
behavior of matrix Y{(r, ¢) as 7 » = in comparison with the approximate
solution

Y(r,e)~ ekt - Y () -] ... +e"Yu (1)

where the right-hand side is a partial sum of the series expansion of
Y(r, ¢) in powers of €.

Let us consider the case of a canonical system in more detail,

We assume that A; = iw, is pure imaginary and an m-fold eigenvalue of
matrix K,. Matrix K(e) has m eigenvalues of the form
. -q - y 4170 ;
Ki(e) == iwy-+aze Py B’ s 4. (3.18)

If Re a; > 0 for some j, then Re A .(¢) > 0 for all sufficiently small
€ > 0, and system (0.1) is unstable for sufficiently small ¢ > O,

If all Re a; <0 (for j =1, ..., m and for all eigenvalues iwo ),
then all Re A . (e) < 0 fore # 0, |e]| < €,- In this case system (0.1) is
asymptotically stable for sufficiently small ¢. This case, however, can-
not occur for canonical systems since such systems cannot be asymptotic-
ally stable,

If all Re a; < 0 and there are a. such that Re a. = 0, then it is
necessary to determine coefficients 3. corresponding to these latter
values of j (there will be analogous deductions about stability), etc.
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In a stable canonical system all the coefficients aj, Bj, etc. will
prove to be pure imaginary.

Theorem 3.1. Suppose that (0.1) is a canonical system and that in the
consecutive calculation of coefficients a, B. of expansion (3.18) all
these coefficients prove pure imaginary and, at some stage, distinct; so
that, if )\j'(f) is a partial sum of (3.18), then

Re )‘j’ (E) = O, )\jl (E) :,!: )\.hl (8) (J, k=1,...,nm; j=h)
for 0 < e < €5e
Then
e l;; (8) - 0, }x:; (3) % M (E), (o= U oo my [5R)

for all sufficiently small ¢ > O.

Proof. Let /\j” () = )\j(e) - Aj’t(c ). As ¢ » 0,

[N @)= o (IM () — M (e)]) (i==h) (3.19)

Surround the point i, with a circle whose interior contains no other
eigenvalues of matrix K,. For sufficiently small ¢ this circle will con-
tain only m eigenvalues (3.18). Matrix K(¢) will be J-skewhermitean
(Theorem 2.2) and its spectrum will be symmetric with respect to the
imaginary axis. Therefore, if the conclusion of the theorem is not satis-
fied, there are at least two eigenvalues for which

Imy; (g) = Im X, (5) (1= h)
for all sufficiently small €.

Hence

Im (A" (&) — W' ()] = — Im [N" () — M ()]
and since Re /\j'(e) = Re A,’{e) = 0 by assumption, it follows that
1N () — M (&) [ = [ Im [\ (&) — N ()] <" () | -+ [ " () |
This contradicts (3.19) and proves the theorem.

We will refer to the case in which matrix K(e) has pure imaginary
eigenvalues, some of which are multiple, for all sufficiently small €,
as the singular case. To calculate a finite number of the coefficients
a., 3. of expansion (3.18), we need to know only a finite number of

PN i . .

matrices KO’ Kl’ KZ' .++ « Therefore, in the nonsingular case the deter-
mination of only a finite number of matrices KO, Ki’ Kz’ ... 1is required
to show whether a canonical system (0.1) is stable or unstable.

In practice it is not necessary to determine the coefficients of



38 V.A. Takubovich

expansion (3.18). It is more convenient to proceed as follows.

As we have seen, in the case of a canonical system with real coeffi-
cients we can consider matrix Kle) to bLe real and J-skewhermitean. The
characteristic equation

det [K () — M} - 0 (3.20).

will therefore have real coefficients and contain only even powers of A,
1.e. it will be of the form™

UE e E T e L ey 0 (3.21)
where g = A%, 2k = n. Coefficients y . are functions of the parameters of
the system, and in particular of ¢ and 8. Further, the y . are analytic
functions of ¢ and 1/8. All solutions of (0.1) will be bounded as t » o
(stability) if equation (3.20) has real negative roots p.. If some of the

roots p . are complex or real and positive, then (0.1) has solutions un-
bounded in ¢ (instability).

Hence the problem of obtaining conditions for the stability (instabil-
ity) of a canonical system (0.1) is reduced to: (1) the calculation, to
prescribed accuracy, of matrix K(e); (2) the construction of the regions
of aperiodic stability for equation (3.21).

The conditions for aperiodic stability (i.e. the conditions that equa-
tion (3.21) have real negative roots) are well-known (for instance, see

(197, pp. 214-226).

In this comnection, it is further necessary to investigate the set
(usually a line) on which § = 0, where 8 is the discriminant of (3.21).
While § = 0 on the boundaries of the regions of dynamic instability, it
is also true that the line 8 = 0 can lie in the regions of stability; 1in
that case the system is stable if matrix K(e) has canonical blocks and
unstable if it does not.

4. Example. Let us consider equation ( fol, p. 311)**

df
Ca g+ [1— poA] [ =0 (4.1)

* The spectrum of a real J-skewhermitean matrix is symmetric relative
to the real and imaginary axes, and is therefore symmetric relative
to the origin. Hence the charapteristic equation does not change when
A is replaced by ~ A and so contains only even powers of A.

** We note, referring to [9 ], that many problems of the dynamic stabil-
ity of plates and plane forms of bending reduce to this equation.
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o
|
i

[ e 0N 0 ap q 0
T 1m§}’A:< 0 ) I’=(0 1>. @y = &y + Bg cos Ot

(%)

ag, Bo are small parameters and 0 < w, < @, . Multiplication by 02‘1 yields
the equation

dzf .
‘}2+-H32——¢N|ff:0 (4.2)
where
o O r 0 1
p0=( 01 mo), N=\ ( o ) 9 =a+ Bcosht
a1 arg
a:ans, B<-[303, 8:;)?2(;;
Introducing the notation
df T
. — P _p—r ("7 . ®
171—P0’f. 1‘2-p0 i’ $—<x2>» %—V-wm)g
o r 0 0
C=(._p0 0 ) B(ez):n(ez)(N 0 )
we obtain the system
dx

It is easy to verify that matrices JC and JB(Ot), where J =
are symmetric, i.e. that system (4.3) is canonical.

The author has shown [ 14b] that for equation (4.2) only the regions
corresponding to the "combined" frequency 00 =@ + w, are "broad"
regions of dynamic instability (the tangents to the boundaries at the
point (O, 00) do not coincide), while all other regions are "narrow" (the
tangents to the boundaries of the region at a point on the f-axis
coincide).

We here consider, therefore, the problem of "integrating" equation
(4.2) for values of 6 near 00 =w + a, and determining the corresponding
ragion of dynamic instability. Setting

9, —0
T == 0, Y = 0000
we obtain the equation
dx 1 1
E:[QC +(YC+ ‘O-B(‘f)]r (4.9

We think of matrix yC + (1/6)B(r) as a "perturbation"; we could have
prefixed it in equation (4.4) with a small parameter ¢ and then set ¢ = 1
in the final formulas. This corresponds to the fact that the final formulas
are true for small a, f3, y.
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Omitting the calculations, we write the final result*

Wy 0 M B ( 0 0 \
K=l a0 ) B=rlt oy \N 0
0 v (I— M)\
Ko = \u, (1 4+ M) — v, (31 + M) o )
where
1 0\ 1 a? 32
M=< 0 —1 ) V1= 752,000 [1—20)1/60 T 16 (- 0)1/60)]

1 a2 B2 ]
Y2 = 26%mywg [1 — 20y / 8, +3 (1— a1/ 6;)

The characteristic equation Det (K — A I) = 0, up to quantities of the
second order (K = KO + K1 + Kz), has the form

#E e e =0, rme po=2%

0y

/@ 2 ®
X1:K§~1+2V1> +g(§1 —2V2+4Vx>

W) w [ 7Y 2 Bz 9
o= T -2+ )(W—‘““I) —MGZ“ +2u)]

* The calculation of matrix Kz is the most laborious. This computation
and the determination of the last term in (4.5) was carried out by
V.S. Grenkov under the direction of the author, who takes this oppor-
tunity to thank V.S. Grenkov for his work. The details of this calcula-
tion, as well as the determination of the regions of dynamic instabil-
ity for the principal resonance 00 = 20)1/1. 00 = 2&)2/n will be
published in Inzhenernyi Sbornik. We note that the calculation of the
principal resonance is much simpler, since the fact that equation (4.4)
has a solution x(r) satisfying the relation x(r + 27 ) can be used.
Along the boundaries of the regions of dynamic instability correspond-
ing to the principal resonance, the roots of the characteristic equa-
tion (0.2) are fixed; along the boundaries of the regions of dynamic
instability corresponding to the combined resonance

eoz(mj+mh)/m, mj%m}p m=1,2,...,

these roots, as multiple roots, are displaced (in an unknown way) on
the unit circumference. This makes the problem of determining the
boundaries of dynamic instability of the combined resonance more
complicated than that of the principal resonance.

The relation x(r + 27 ) = (-~ 1)™x(r) has been used to construct the
regions of the principal resonance by the method of harmanic equi-
librium in {9}, 57 ff.
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The boundaries of the domain of dynamic instability are determined
from the equation & = 1/4 x12 =~ X, = 0, and the domain of dynamic in-
stability by the inequality & < 0.

From the equation 8§ = 0, for the boundaries of the domain of dynamic
stability of the "combined" resonance 8 = w, + @, we obtain the formula
B

1
ei: = 60 :t 2 lewz - 16900)10)2 (80,“ + 32) SR (4'5)

Instability occurs for <6< 6,.
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